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(Dated: September 25, 2019)
We evaluate dominant two-loop corrections to the triple Higgs coupling and strength of a first-
order electroweak phase transition in the inert Higgs doublet model. It is found that sunset diagrams
can predominantly enhance the former and reduce the latter. As a result, the triple Higgs coupling
normalized by the standard model value at two-loop level is more enhanced than the corresponding
one-loop value.
I. INTRODUCTION
Higgs mechanism is one of the fundamental footings of
the standard model (SM). Though the new scalar particle
with a mass of 125 GeV was discovered at the Large
Hadron Collider (LHC) [1], its roles as the mass giver
for all the SM particles and the symmetry breaker for
SU(2)L ×U(1)Y have not been fully established yet. For
the latter, measurement of a triple Higgs boson coupling
(λhhh) is particularly of importance since it can exist only
after the electroweak symmetry is spontaneously broken.
Information of λhhh can be extracted from double
Higgs production processes at colliders. Current LHC
data put the upper limit on σ(pp→ hh)×Br(hh→ bb¯γγ),
which constrains the λhhh normalized by the SM value
(κλ) as −8.2 < κλ < 13.2 at ATLAS [2] and −11 < κλ <
17 at CMS [3] at 95% confidence level, respectively.
In Ref. [4], λhhh is calculated at one-loop level in a
softly Z2-broken two Higgs doublet model (2HDM). It
is found that the extra heavy Higgs boson loop correc-
tions can significantly enhance λhhh, As a result, κλ
can be O(2-4). This can occur if the one-loop correc-
tions of the heavy Higgs bosons have the nondecou-
pling properties, i.e., the power corrections such that
(heavy Higgs mass)4.
As found in Refs. [5, 6], the sizable λhhh would imply
that the electroweak phase transition (EWPT) could be
strongly first order as needed for successful electroweak
baryogenesis [7]. As is the enhancement of λhhh, the
nondecoupling heavy Higgs bosons play a pivotal role,
and O(1) quartic couplings in the Higgs potential are the
common drivers. While the calculations are still within
the weakly coupled regime satisfying a perturbative uni-
tarity, quantification of the higher-order corrections are
vitally important for λhhh measurements at future col-
liders. For instance, it is expected that 0.2 < κλ < 6.9
at the high luminosity LHC with an integrated luminos-
ity of 3 ab−1 [8]. At the International Linear Collider,
on the other hand, the 27% accuracy would be reachable
with the full data set of 250+500 GeV [9]. Moreover, 100
TeV hadron colliders with an integrated luminosity of 30
ab−1 can attain (5-7)% accuracy [10].
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In this paper, we quantity the dominant two-loop
contributions both λhhh and strength of the first-order
EWPT and clarify to what extent the correlation be-
tween them could be modified compared to the one-loop
result. As an illustration, we consider the inert two Higgs
doublet model (IDM), which is also motivated by dark
matter (DM) physics. We point out that the magnitude
of the nondecoupling effect is rather restricted by a vac-
uum condition associated with the DM phenomenology.
However, the modification by the two-loop contributions
is still relevant to the correlation between κλ and strength
of the first-order EWPT.
II. CALCULATION SCHEME
We expand the effective hhh vertex defined in the on-
shell (OS) scheme in powers of momenta as
Γˆhhh(p
2
1, p
2
2, p
2
3) ≃ Γˆhhh(0, 0, 0) + · · · . (1)
Apart from a threshold enhancement that occurs when
incoming momentum is twice as large as the masses
of particles running in loops, the dominant quantum
contributions come from the momentum-independent
part [4]. Moreover, since we are interested in a de-
viation of the effective hhh vertex from the SM value
in new physics models such as the IDM, the ratio of
ΓˆNPhhh(p
2
1, p
2
2, p
2
3)/Γˆ
SM
hhh(p
2
1, p
2
2, p
2
3) is well approximated by
ΓˆNPhhh(0, 0, 0)/Γˆ
SM
hhh(0, 0, 0) ≡ κλ [4]. Therefore, we will
exclusively focus on the momentum-independent term
in Eq. (1) in this paper. Calculation of Γˆhhh(0, 0, 0) is
greatly simplified if an effective potential is used. Let us
define λˆhhh as
−Γˆhhh(0, 0, 0) ≡ λˆhhh = Zˆ3/2h λhhh, (2)
where λhhh is the third derivative of the effective poten-
tial (Veff) defined in the MS scheme and Zˆh = Z
OS
h /Z
MS
h
with ZOSh being the Higgs wavefunction renormalization
constant in the OS scheme and ZMSh in the MS scheme.
Though λhhh is calculated up to two-loop level in su-
persymmetric SMs [11], the analytic expression of λhhh
in the SM seems absent in the literature. We thus start
with the SM case using our calculation scheme.
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FIG. 1. Two-loop diagrams contributing to λSMhhh to O(g
2
3y
4
t )
and O(y6t ).
The tree-level Higgs potential is given by
V0(Φ) = −µ2ΦΦ†Φ+ λ(Φ†Φ)2, Φ =
(
G+
1√
2
(v + h+ iG0)
)
,
(3)
where v denotes the vacuum expectation value (VEV) of
the Higgs boson (h) and G0,± are the Nambu-Goldstone
bosons. We calculate λhhh using the MS-regularized ef-
fective potential at two-loop level [12, 13], which is ex-
panded as
Veff(ϕ) = V0(ϕ) + V1(ϕ) + V2(ϕ), (4)
where ϕ denotes the background classical field. With
this, the Higgs mass and the triple Higgs coupling are,
respectively, defined as
m2h =
∂2Veff
∂ϕ2
∣∣∣∣
ϕ=v
= 2λv2 +Dm∆Veff(ϕ), (5)
λSMhhh =
∂3Veff
∂ϕ3
∣∣∣∣
ϕ=v
=
3m2h
v
+Dλ∆Veff(ϕ), (6)
where
Dm =
[
∂2
∂ϕ2
− 1
v
∂
∂ϕ
]
ϕ=v
, (7)
Dλ =
[
∂3
∂ϕ3
− 3
v
(
∂2
∂ϕ2
− 1
v
∂
∂ϕ
)]
ϕ=v
, (8)
with ∆Veff(ϕ) = V1(ϕ) + V2(ϕ). Note that µΦ is elimi-
nated by a minimization condition so that m2h is defined
in the minimum of Veff. Furthermore, since λ is replaced
by m2h using Eq. (5), the leading log corrections at each
loop in Eq. (6) are absorbed by the Higgs mass renor-
malization as explicitly demonstrated below.
The dominant two-loop contributions arise from the
sunset diagrams as depicted in Fig. 1. From them, one
can obtain the O(g23y4t ) and O(y6t ) corrections to λSMhhh,
where g3 and yt are the SU(3)C and top Yukawa cou-
plings, respectively. Combining the dominant one-loop
contribution coming from the top quark, one finds
λSMhhh =
3m2h
v
+∆(1)λSMhhh +∆
(2)λSMhhh, (9)
where
∆(1)λSMhhh =
1
16π2
(
−48m
4
t
v3
)
, (10)
∆(2)λSMhhh =
1
(16π2)2
m4t
v3
[
768g23
(
ℓt +
1
6
)
− 144y2t
(
ℓt − 7
6
)]
, (11)
with mt = ytv/
√
2 and ℓt = ln(m
2
t/µ¯
2) with µ¯ being the
renormalization scale. As mentioned above, the leading-
log terms at each loop level are absorbed by themh renor-
malization. As a result, the one-loop leading contribu-
tion becomes O(m4t ) [14]. Likewise, after absorbing the
double-log terms at two-loop level, one has O(m4t ) with
extra coefficients including the single log terms. Noting
that all the parameters appearing in λSMhhh are the MS
running parameters, the ℓt terms at two-loop level can
be absorbed into mt at one-loop order using the renor-
malization group (RG) equations. After expressing all
the MS variables evaluated at the pole top quark mass
(Mt = 173.1 GeV [15]) with the physical ones retaining
the O(g23) and O(y2t ) terms (for explicit expressions, see,
e.g., Eqs. (2.18) and (2.19) in Ref. [16]), one arrives at
λˆSMhhh ≃
3M2h
vphys
[
1 +
1
16π2
(
− 16M
4
t
M2hv
2
phys
+
7
2
M2t
v2phys
)
+
1
(16π2)2
M4t
M2hv
2
phys
(
384g23 −
312M2t
v2phys
)]
= (190.38 GeV)×
[
1− 8.5%+ 1.4%
]
= 176.85 GeV,
(12)
where v2phys = 1/(
√
2GF ) with GF (= 1.166 ×
10−5 GeV−2) being the Fermi coupling constant, Mh =
125.0 GeV is the pole mass of the Higgs boson and
g3(Mt) = 1.167. One can see that λhhh gets enhanced
compared to the one-loop result. Note that the addi-
tional one-loop correction arises when converting the MS
parameters into the OS ones, which has the +1.1% con-
tribution. 1 Even though it is subleading at one loop or-
der, it is comparable to the two-loop corrections so that
it is not negligible. In our numerical study, we also take
the leading one-loop corrections of the gauge and Higgs
bosons into account using the effective potential method.
Our numerical calculations show that λˆSMhhh = 176.23
GeV and 180.24 GeV at one and two-loop levels, respec-
tively [17]. We have checked that the corresponding one-
loop value of H-COUP [18] is λˆSMhhh = 178.01 GeV, so
the relative error is 0.9%. The difference may come from
subleading gauge bosons contributions that are missing
1 The omitted terms such as the gauge boson contributions amount
to about +0.6% contribution.
3in our calculation. Such contributions are not sufficiently
small compared to the dominant two-loop contributions
evaluated above so that they have to be included in the
full calculation of λˆSMhhh. However, this omission has little
effect on κλ in the IDM due to sizable new physics effects
as discussed below.
III. MODEL
As a benchmark model, we consider the IDM in which
a Z2-odd Higgs doublet (η) is added to the SM [19–22].
It is known that the model can accommodate both the
strong first-order EWPT and the dark matter (DM) can-
didate simultaneously [23–25]. We quantify the leading
two-loop corrections of the extra Higgs bosons to λhhh in
a cosmologically interesting region.
As a result of the Z2 parity (Φ→ Φ and η → −η), the
Higgs potential is cast into the form
V IDM0 (Φ, η)
= µ21Φ
†Φ+ µ22η
†η +
λ1
2
(Φ†Φ)2 +
λ2
2
(η†η)2
+ λ3(Φ
†Φ)(η†η) + λ4(Φ†η)(η†Φ) +
λ5
2
[
(Φ†η)2 +H.c
]
,
(13)
where Φ is the same as in the SM given in Eq. (3) and η
is parametrized as
η =
(
H+
1√
2
(H + iA)
)
. (14)
The Higgs boson masses are expressed at tree level
as m2h = λ1v
2 and m2φ = µ
2
2 + λ¯hφφv
2/2 for φ =
H,A,H±, where λ¯hHH = λ3 + λ4 + λ5, λ¯hAA =
λ3 + λ4 − λ5, and λ¯hH+H− = λ3. In our anal-
ysis, H is assumed to be the DM. The pole Higgs
masses are denoted as Mh, MH , MA and MH± , re-
spectively, and we trade {µ21, µ22, λ1, λ2, λ3, λ4, λ5} with
{vphys,Mh,MH ,MA,MH± , λ¯hHH , λ2} as the input pa-
rameter set.
It is easy to obtain the one-loop contributions of the
extra particles to λhhh, which takes the form [21]
∆(1)λIDMhhh =
∑
φ=H,A,H±
nφ
4m4φ
16π2v3
(
1− µ
2
2
m2φ
)3
, (15)
where nH = nA = 1 and nH± = 2. As found in Refs. [4,
21], the one-loop correction can grow with m4φ if µ
2
2 ≪
m2φ, i.e., m
2
φ ≃ λ¯hφφv2/2 (nondecoupling regime). In the
opposite limit of m2φ ≃ µ22, on the other hand, ∆(1)λIDMhhh
would be suppressed in the large mφ limit (decoupling
regime). As discussed below, the nondecoupling regime is
exactly the condition that EWPT is strongly first order.
In our work, we considerMH ≃Mh/2 so that the former
limit applies only for A and H±. Furthermore, MA =
1
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FIG. 2. κλ as a function of MA at one and two loop levels
denoted as the red-dashed and blue-solid curves, respectively.
We take MH = 62.7 GeV, λ2 = 0.02 and λ¯hHH = 4.6 × 10
−3
at the MZ scale.
MH± is taken to avoid the ρ parameter constraint [19].
In this case, one has λ¯hAA = λ¯hH+H− = λ3.
At two-loop order, the dominant corrections to λhhh
come from the sunset diagrams with O(λ33) in magnitude.
For illustrative purposes, we consider the case of mh ≪
mA,mH± in the nondecoupling regime. In this limit, mh
can be considered as a small perturbation and hence the
O(λ33) contributions have the simple form
∆(2)λIDMhhh ≃
∑
φ=A,H±
8nφλ¯
2
hφφ
(16π2)2
m2φ
v
(
ℓφ − 1
2
)
, (16)
where ℓφ = ln(m
2
φ/µ¯
2). As is the top quark contribution,
the log terms are absorbed into m2φ in Eq. (15) by use of
the RG equations. Putting all together, one arrives at
∆(1)λIDMhhh +∆
(2)λIDMhhh
≃
∑
φ=A,H±
4nφ
16π2v3
[
m4φ(mφ)−
4m6φ
16π2v2
]
+ · · · , (17)
wheremφ(mφ) are the MS-running masses of φ evaluated
at mφ. We choose MZ = 91.1876 GeV as the input
scale for all the running parameters as in Refs. [24, 25].
Modification due to the two-loop contributions mainly
comes through the RG running effects in the first term,
which enhances λhhh.
It is found that the O(M2hM2φ/(16π2v3phys)) terms ap-
pear when expressing λˆIDMhhh with the physical parameters.
However, they are accidentally cancelled forMA =MH± .
Use of the analytic expression (17) yields overestimated
results for nonzero µ22 so that we evaluate ∆
(2)λIDMhhh nu-
merically for our quantitative studies [17].
In Fig. 2, κλ at one and two-loop levels are plotted
as functions of MA with the red-dashed and solid-blue
4curves, respectively. We take the two-loop value of λˆSMhhh
as the SM normalization in the both cases and MH =
62.7 GeV, λ2(MZ) = 0.02 and λ¯hHH(MZ) = 4.6 × 10−3
as a benchmark. We find that using MicrOMEGAs [26]
the above parameter set gives the DM relic density and
the spin-independent cross section of the DM with a pro-
ton as ΩDMh
2 = 0.113 and σpSI = 4.6 × 10−47 cm2,
respectively, which are consistent with the current DM
data [15, 27]. For the LHC constraints, comprehensive
studies can be found in Ref. [22]. In our chosen parame-
ter space, the most stringent constraint comes from the
signal strength of the Higgs boson decays to two photons
(µγγ) that can be affected by the charged Higgs bosons.
In our case, it is found that µγγ ≃ 0.9 for 200 GeV ≤
MH± ≤ 300 GeV which is consistent with the current
data µATLASγγ = 0.99
+0.15
−0.14 [28] and µ
CMS
γγ = 1.18
+0.17
−0.14 [29]
within 2σ.
Since the one-loop corrections to mH is positive, µ
2
2
has to be made smaller as MA increases in order to have
MH = 62.7 GeV, and thus the nondecoupling effects be-
come more pronounced as discussed above. 2 As pointed
out in Ref. [24], however, that MA cannot be greater
than a certain value due to the occurrence of µ22 < 0 that
generates a nontrivial minimum along the inert doublet
field direction, which could be deeper than the prescribed
electroweak vacuum and thus excluded. In the chosen pa-
rameter set, it is found that µ22 . 0 for MA & 300 GeV.
Within the allowed range, κλ at two-loop level can be en-
hanced up to about 2%. It should be noted, however, that
the further enhancement could be possible if the require-
ment of µ22 > 0 were absence. In the ordinary 2HDM, for
instance, λhhh can receive O(100)% corrections at one-
loop level with increasing MA as mentioned above. In
this case, one may ask whether the power correction of
the m6φ term in Eq. (17) can compete with the one-loop
ones. Here, we give a simple argument that it would not
happen. On the grounds of the dimensional analysis, the
dominant power corrections to λhhh at ℓ-loop order may
be cast into the form
∆(ℓ)λhhh ∼ (−1)ℓ+1
m2φ
v
(
4m2φ
16π2v2
)ℓ
, (18)
where µ22 = 0 and combinatorial factors are ignored. If
the expansion parameter m2φ/(4π
2v2) is close to unity,
one obtains mφ ≃ 2πv = 1546 GeV which corresponds to
λ¯hφφ ≃ 8π2. This is clearly far beyond the perturbativity
bound. Conversely, if we require λ¯hφφ = 2m
2
φ/v
2 < 4π as
a crude perturbativity criterion, m2φ/(4π
2v2) < 1/(2π) ≃
0.16. Thus, the maximal two-loop power corrections
amount to about −16% of the one-loop ones.
2 For MA = 300 GeV, one obtains λ3(MZ ) = 2.82 and λ4(MZ) =
λ5(MZ ) = −1.41. If we run those couplings using one-loop RG
equations [30], one finds λ3(µ¯) > 4pi at µ¯ ≃ 53.9 TeV.
IV. λhhh-EWPT CORRELATION
It is known that the remnant of the strong first-order
EWPT can appear in λhhh. Before conducting the two-
loop analysis, we briefly outline the λhhh-EWPT correla-
tion at one-loop. The criterion for the strong first-order
EWPT is given by [7]
vC
TC
> ζsph, (19)
where TC is a temperature at which there are two de-
generate vacua in the effective potential, vC is the Higgs
VEV at TC , and ζsph depends on the sphaleron profile
etc, and typically, ζsph ≃ 1. Use of the high-T expan-
sion (HTE) of the one-loop thermal function [31] makes
it easy to see the λhhh-EWPT correlation. At TC the
effective potential is cast into the form
Veff(ϕ;TC) =
λTC
4
ϕ2(ϕ− vC)2, vC = 2ETC
λTC
, (20)
where E denotes the coefficient of the ϕ3 term. In the
SM, ESM ≃ 0.01 coming from the gauge bosons. In the
IDM model, on the other hand, the extra Higgs bosons
yield the contributions of −T (m¯2φ)3/2/(12π) in Veff(ϕ;T ).
As is the gauge boson case, the ϕ3 term can be gener-
ated if m¯2φ ≃ λ¯hφφϕ2/2, which contributes to E. Re-
markably, this is exactly the case that ∆(1)λIDMhhh is en-
hanced, i.e., nondecoupling regime. As mentioned above,
only A and H± can have such a limit and play an es-
sential role in achieving the strong first-order EWPT.
The additional contributions in E are found to be ∆E ≃
(m3A+2m
3
H±)/(12πv
3). One can find that the minimum
values of mA and mH± satisfying the criterion (19) sets
the minimum deviation of λIDMhhh /λ
SM
hhh. In this way, the
strong first-order EWPT inevitably leads to the signifi-
cant deviation in λhhh. Detailed knowledge of ζsph is of
great importance in order to quantify the amount of the
deviation precisely (for an improvement of ζsph and its
impact on λhhh in the SM with a real singlet scalar, see
Ref. [32]).
Now we extend the above discussion to two-loop level.
As far as the first-order EWPT is concerned, the sun-
set diagrams are more relevant than the figure-8 dia-
grams [34]. In the IDM, the relevant contributions are
V2(ϕ;T ) ∋ −1
4
∑
φ=A,H±
nφ
[
λ2hφφH¯
(T )(m¯2φ, m¯
2
φ, m¯
2
h)
]
≃
∑
φ
nφ
T 2λ¯2hφφϕ
2
128π2
ln
m¯2φ
T 2
, (21)
where H¯(T ) is the finite-temperature part of the sunset
diagram [33]. In the second line, the HTE as well as
m¯h ≃ 0 are assumed. It is known that ϕ2 ln(m¯2/T 2) with
positive (negative) coefficient would weaken (strengthen)
the first-order EWPT [34], and the dominant scalar sun-
set diagrams in the IDM correspond to the former. From
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FIG. 3. (Left) Shown is the plot of vC/TC against MA at one (red-band) and two-loop (blue-band) levels varying µ¯ from 0.5MA
(dotted corves) to 1.5MA (dashed curves), and the solid curves correspond to µ¯ = MA. (Right) vC/TC -κλ correlations at one
and two-loop levels varying MA from 250 GeV to 300 GeV, where the style and color schemes of the curves are the same as
those in the left panel. The input parameters are the same as in Fig. 2.
this simple argument, one can infer that strength of the
first-order EWPT would get smaller than those at one-
loop level while the other way around for λhhh. In what
follows, we evaluate the λhhh-EWPT correlation with-
out using the HTE approximation of Eq.(21) (details are
given in a separate paper [17]).
Following the thermal resummation and renormaliza-
tion schemes adopted in Refs. [35, 36], we study vC/TC
numerically. Previous two-loop analysis of EWPT in the
IDM can be found in Ref. [25], and our results are con-
sistent with them within theoretical uncertainties if we
use their input parameters.
In the left panel of Fig. 3, with the same input pa-
rameters as in Fig. 2, vC/TC at one and two-loop levels
against MA are shown as the red and blue bands respec-
tively, where we vary µ¯ from 0.5MA to 1.5MA with the
solid, dashed and dotted curves being µ¯ = MA, 1.5MA
and 0.5MA, respectively.
As expected from the qualitative discussion above,
vC/TC in both cases grow with increasingMA due to the
nondecoupling effects of A and H±. However, vC/TC at
two-loop level becomes smaller, which is due mostly to
the logarithmic terms in the sunset diagrams involving A
and H± as argued above.
Note that the µ¯ dependence shown here mostly arises
from the ln(µ¯/T ) terms in the thermal functions and
it is not mitigated at two-loop level. To circumvent
this issue, we may adopt nonperturbative approach or
dimensionally-reduced effective field theory (for a recent
study, see Ref. [37]). In spite of these uncertainties, it
still holds that vC/TC |2-loop < vC/TC |1-loop.
In the right panel of Fig. 3, the correlations between
vC/TC and κλ are represented at one and two-loop lev-
els. The style and color schemes of the curves are the
same as those in the left panel. It is found that κλ at
two-loop level gets enhanced owing to the reduction of
vC/TC . Though the degree of modification varies with
µ¯, the inequality of κ1-loopλ < κ
2-loop
λ remains intact.
V. CONCLUSION AND DISCUSSION
We have quantified the two-loop effects on the triple
Higgs coupling and strength of the first-order EWPT in
the IDM. We found that the sunset diagrams can alter
both of the one-loop values. As a result, κλ is enhanced
by about +2% while vC/TC is reduced by some amount
that varies with µ¯, for instance (7-16)% for µ¯ = MA.
The magnitudes of the corrections are restricted by the
requirement of µ22 > 0. Correspondingly, at two-loop
level MA(= MH±) is shifted upward by about 10 GeV
and κλ rises up to around 4% in the region where EWPT
is strongly first order. We emphasize that even though
the numerical values are fluctuated by the significant µ¯
dependence, it still holds that κ1-loopλ < κ
2-loop
λ .
We finally make a comment on a gauge dependence of
vC/TC . Our calculation method is not gauge invariant,
and the Landau gauge is adopted [33]. Since the dom-
inant two-loop contributions are the scalar loops, their
effects are not spoiled by the gauge artifact. However, to
solve this problem in addition to the aforementioned µ¯
dependence issue in a satisfactory manner, more refined
calculation scheme is needed. We defer this to future
work.
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the coefficient of the O(M6t ) term in Eq. (12) agrees with
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